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Abstract

The simplex method is widely used in economic planning and forecasting tasks. However, this method 
is used in real economic activity to find solutions to large-scale tasks, the speed of which is not a critical 
factor. This significantly limits the applied value of the simplex method in the economic sphere, since 
currently there is a certain tendency to move to more detailed economic models, which makes it urgent 
to accelerate calculations based on the simplex method. In these conditions, GPU (Graphical Processor 
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Introduction

The simplex method [1] is widely used in eco-
nomic planning and forecasting tasks [2,  3]. 
In a broad sense, the task of linear program-

ming [4] is that it is necessary to maximize or minimize 
some linear functional on a multidimensional space 
under given linear constraints [5–7].

The role of linear programming, in particular the 
simplex method in economic analysis and planning, is 
described in [8]. It says that linear programming was 
considered as a tool for implementing neoclassical 
economic principles at a time when the very concept 
of a market economy was under attack from several 
directions. Linear programming has become widely 
used in national economic planning [9–11], especially 
for developing countries, and for studying individual 
industries, especially energy. The article [12] describes 
the experience of applying linear programming to the 
US oil refining industry. The use of linear program-
ming combined with a more careful selection of infor-
mation sources provides greater predictive power com-
pared to the use of forecasts based on time series. The 
article [13] also emphasizes the need for a complete 
understanding of the specifics of production processes, 

otherwise the methods of mathematical econom-
ics [14], in particular, linear programming, give only 
very approximate results. Works [15,  16] characterize 
the use of the simplex method as follows: this proce-
dure can be interpreted as a search for market prices 
that balance the demand for factors of production with 
their supply.

At the same time, there are practically no works that 
would test the use of the simplex method to solve a 
large number of similar tasks with multiple conditions 
in a short time for individual users. In other words, the 
simplex method is used in real economic activity to 
find solutions to large-scale tasks, the speed of which is 
not a critical factor. This significantly limits the applied 
value of the simplex method in the economic sphere.

Thus, based on the fact that the simplex method is 
actively used and there is a definite tendency to switch 
to more detailed models, it can be concluded that there 
is a need to speed up calculations based on it. First of 
all, we are talking about calculations performed on 
household/office computers rather than on supercom-
puters [17–19]. In this case, the Graphical Processor 
Unit (GPU) becomes the most important means of 
speeding up calculations [20, 21].

Unit) computing accelerators become the most important means of accelerating calculations. The authors 
propose the implementation of the simplex method in matrix form for computing on GPUs using the 
PyTorch library. This allows you to switch to using the computing power of graphics processors in a simple 
and reliable way. A linear programming problem with 900 constraints is solved on a graphics accelerator 6–9 
times faster than the solution on a conventional processor. This paper identifies groups of applied economic 
problems for which the proposed algorithms and methods can be relevant.
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GPUs are a set of a very large number (up to 10 000) 
of simplified processor cores over shared memory 
which can run several tens of thousands of parallel pro-
cesses. This means that graphics accelerators are very 
well suited for solving linear algebra problems (such as 
matrix multiplication). The computing time on GPUs 
is usually considered in comparison with the comput-
ing time on the Central Processor Unit (CPU).

1. Overview  
of parallel implementations  

of the simplex method

The article [22] presents the parallelization of the 
simplex method in a tabular version for systems with 
shared memory in order to solve large-scale linear pro-
gramming problems with a dense matrix. The authors 
describe the general scheme of the method and explain 
the strategies adopted to parallelize each step of the 
standard simplex algorithm. The acceleration and par-
allel efficiency are analyzed in comparison with the 
standard simplex method when using a system with 
shared memory and 64 computing cores. Experiments 
were performed for several different tasks, up to 8 192 
variables and constraints. The maximum acceleration 
achieved is about 19.

Work [23] considers parallelization of the simplex 
method based on OpenMP technology. This approach 
is used to improve acceleration and efficiency. The 
results of the parallel algorithm are compared with the 
usual simplex method. This work also used a feature of 
modern processors such as multithreading. The pro-
posed parallelization algorithm scales easily to a dif-
ferent number of processor cores. In the general case, 
a number of computational experiments have been 
conducted using the example of solving the problem 
of distributing wagons between freight terminals of a 
railway station. An acceleration of 7 times is reported 
for 8 OpenMP streams with a data dimension of more 
than 102.

The article [24] discusses previous attempts to par-
allelize the simplex method in the context of improving 
the performance of sequential implementations of the 

simplex method and the nature of practical linear pro-
gramming (LP) problems. For the main task of solv-
ing common large sparse LP problems, the author of 
the article did not find parallelization of the simplex 
method, which provides a significant improvement in 
performance compared to a good sequential imple-
mentation. However, some success has been achieved 
in the development of parallel solvers for dense LP 
problems or those or with special structural proper-
ties. As a result of the review, this paper determines the 
directions of future work aimed at developing parallel 
implementations of the simplex method with practical 
value. These directions are related to the use of parallel 
factorization methods and parallel sparse matrix inver-
sion methods.

It was noted in [25] that studies devoted to the 
implementation of mathematical programming meth-
ods on the GPU are still in their infancy. One option 
is to modify existing algorithms in such a way as to 
achieve significant performance gains by executing 
on the GPU. The article [25] solves exactly this prob-
lem by presenting an effective implementation for 
the simplex method adapted for the GPU. The arti-
cle describes how to perform the steps of the adapted 
simplex method in order to take full advantage of 
the GPU’s capabilities. The experiments performed 
demonstrate significant acceleration compared to the 
sequential implementation, which highlights the enor-
mous potential of the GPU.

The above review shows, firstly, the relevance of the 
work on the parallel implementation of the simplex 
method, and secondly, that this work should be mainly 
focused on computing systems with shared memory, in 
particular, on the GPU, which confirms the correct-
ness of the problem statement for this article.

2. Description  
of the simplex method  

in matrix form

Due to the need to conduct a detailed analysis of 
the algorithm’s performance, as well as to emphasize 
the difference from the more common simplex method 
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in the form of tables, we describe the simplex method 
in matrix form (or revised simplex method), following 
the book [26].

Let’s consider the linear programming problem in 
the following form: it is required to minimize cx under 
the condition Ax = b, x  0, where A is a matrix of size 
m × n, having rank m. The algorithm for solving the 
problem is shown in Fig. 1.

Next, we provide a step-by-step description of the 
algorithm.

2.1. Initialization step

Choose an initial basic feasible solution with basis B.

2.2. The main part of the algorithm

1.  Solve a system of linear algebraic equations  
B xB = b.

2.  Solve a system of linear algebraic equations  
wB = cb with a single solution w = cbB

−1. The vector 
w is commonly called a simplex multiplier due to the 
fact that its components are used as multipliers for the 
rows of the matrix A when converting it to a canoni-
cal form. Next, you need to calculate zj – cj = waj – cj 

for all nonbasic variables. Let , 
where J is the current set of indexes associated with 
nonbasic variables. If zk – ck  0, then the current 
solution is the optimal solution. Otherwise, step 3 is 
performed with xk.

3. Solve the system B yk = ak. If yk  0, then the cal-
culation stops, and it is concluded that the optimal 
solution is unlimited and lies on a straight line

,

where ek is a vector of length (n − m), consisting of 
zeros, except for the component with the number k, 
which is 1.

If yk  0, then step 4 is performed.

4. Let xk be included in the basis. Then r is the index 
of the blocking variable xBr

, such that the basis remains 
unchanged as a result of the following check for the 
minimum ratio

Next, you need to update the basis B, where ak 
replaces aBr

, update the set of indexes J and repeat step 1.

2.3. The performance  
of the simplex method  

implementation in matrix form

The operating time of the simplex method in matrix 
form was measured on several model tasks on a com-
puter with an Intel Core i7 950 processor, 3.07  GHz 
(Table 1). The model tasks were generated using an 
online linear programming task generator [27].

3. Software implementation  
of the simplex method  

in matrix form

Modern Python programming language tools, 
namely the Numpy library, facilitate extremely con-
venient implementation of computational algorithms 
based on operations with matrices. As a result, the sim-
plex method was implemented in accordance with the 
procedure described in section 2.

One of the objectives of this work is to show that it 
is possible to use the power of high-performance com-
puting to solve applied problems using very easy-to-
use tools. In this regard, the PyTorch library, designed 
to work with neural networks, was used to implement 
the simplex method on the GPU. The PyTorch library 
has two important advantages from the point of view of 
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Fig. 1. Algorithm of the revised simplex method.
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the problem being solved: a large set of tools for matrix 
calculations and the ability to transfer calculations to 
the GPU without changing the program, just add-
ing one instruction that makes sense to “transfer the 
matrix to the GPU.” All further calculations with the 
specified matrix will be performed on the GPU. As can 
be seen from Table 2, when transferring the calculation 
to the GPU using the PyTorch library, the calculation 
time is noticeably reduced.

Without giving code listings, however, we can say 
that when using alternative implementations of the 
simplex method, the main of which is CUDA tech-
nology, it is necessary to perform several preparatory 
operations before calculating, for example, a matrix 
product, namely, to move the matrices from com-

puter memory to GPU memory and convert them to 
a format that is optimal in terms of computing on the 
GPU. Then, in fact, the implementation of the matrix 
product is performed based on asynchronous calcula-
tions using the maximum possible number of parallel 
processes.

Thus, it can be seen that porting computational 
algorithms to the GPU using the PyTorch library is 
much easier than using specialized programming tools 
such as CUDA, OpenACC, cuBLAS, etc.

The performance of the simplex method imple-
mented on the GPU was measured on the Nvidia 
TITAN X graphics accelerator, as well as on Nvidia 
Volta (computing cluster of the NSC NGU). The 
measurement results are presented in Table 2.

Table 2.
Performance of the simplex method implemented on the GPU

Number of restrictions Matrix size А Time on Titan, ms Time on Volta, ms Time on CPU, ms

10 10 × 20 1.9 1.3 9.3

10 10 × 910 4.4 4.4 27.1

100 100 × 600 5.2 5.2 36.7

900 900 × 1800 81.9 23.7 222.3

Table 1.
The operating time of the simplex method in matrix form

Number of restrictions Matrix size А Time, milliseconds

10 10 × 20 9.3

10 10 × 910 27.1

100 100 × 600 36.7

900 900 × 1800 222.3
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Shorter billing time for Nvidia Volta is achieved due 
to the so-called tensor cores, which additionally speed 
up operations such as matrix multiplication.

The program’s performance was also analyzed on 
the Nvidia A100 Ampere graphics accelerator installed 
on the KSTU’s Euler computing complex. Figure 2 
shows the dependence of the operating time of the 
matrix conversion procedure, as the mathematically 
most time-consuming operation, on the parameter N, 
which, from the point of view of the simplex method, 
represents the number of variables. Here it is impor-
tant to pay attention to the fact that matrix inversion is 
implemented in CUDA using the PyTorch library, and 
the graph shown does not mean that a linear depend-
ence of the operating time of matrix inversion on the 
number of variables has been obtained. To clarify this 
point, consider the number of CUDA threads. Due to 
the fact that the matrix reversal algorithm is not imple-
mented manually on CUDA, the number of threads is 
selected automatically. However, the profiler makes it 
possible to see how many threads are used. The result 
is shown in Fig. 3.

Fig. 4. Dependence of the matrix reversal time  
on the graphics accelerator

Nvidia A100, depending on the number  
of limitations of the simplex method.

In addition, the dependence of the matrix rever-
sal time on the number of constraints of the simplex 
method M looks interesting (Fig. 4).

Fig. 3. The number of CUDA threads used  
when performing matrix inversion  

in the implementation of the simplex method  
on the Nvidia A100 graphics accelerator.

Fig. 2. Dependence of the matrix reversal time  
on the graphics accelerator

Nvidia A100 from the number  
of simplex method variables.
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4. Directions of applied economic  
application of the software  

implementation of the simplex method  
in matrix form

The algorithms and approaches described above can 
be used to solve three main groups of applied economic 
problems, including in the field of marketing, manage-
ment (in the framework of customer experience man-
agement, as well as the implementation of assortment 
and product policies), plus finance.

The first group is commercial tasks in the field of 
marketing promotion of goods/services that require 
an instant solution in the form of an online response 
in order to obtain a positive super-effect of spontane-
ous purchases. An example of this is the application 
of grocery hypermarkets, which generates the final 
consumer basket of the current order in the presale 
mode. Given the increasing level of detail of informa-
tion about the customer (his personal data, as well as 
the purchase history), the number of parameters act-
ing as limitations within the simplex method is becom-
ing large enough to justify its use. In such a situation, 
the client is not ready to wait for the time required to 
calculate the CPU (taking into account the queue of 
clients), as well as to transfer information. Given the 
speed of modern life, the client is focused on obtain-
ing exceptionally instant results achieved with the use 
of graphics accelerators, which is accompanied by an 
appropriate explanation and justification.

The second group of economic tasks is the intellec-
tualization of the work of high-performance chatbots 
using fuzzy logic, that is, generating non-standard 
answers to pre-programmed questions. This will sig-
nificantly increase the ability to perform the function 
of a personal assistant, including: (a) expand the plan-
ning horizon of the schedule, which will be able to 
take into account the limitations of family members, 
work schedules, climatic seasonality, etc.; (b) prepare 
sound recommendations in the field of a healthy life-
style, including the composition and formulation of 

combined products that take into account gerontologi-
cal, anthropometric, personal data, taste preferences, 
etc. It is obvious that the increasing scale of the use 
of assistant bots will allow for more targeted interac-
tion with consumers, as well as the use of recommen-
dation system algorithms for sellers (tasks at the inter-
face with those described above in the first group). For 
example, based on the characteristics of food products 
(from the simplest composition of proteins, fats and 
carbohydrates, to the characteristics of the comple-
mentarity of individual products or the impossibility 
of their joint consumption), the problem of forming 
the most optimal portfolio of orders in hypermarkets 
delivering their products to customers can be solved. 
In such a situation, the linear constraint matrix may 
significantly exceed the limits defined in the article, 
which emphasizes the importance of practical appli-
cation. At the same time, it is worth emphasizing that 
the customer flow of large e-commerce entities tends to 
grow sharply, a trend that may continue at least in the 
medium term. At the same time, even a decrease in the 
growth rate of Internet business in 3–5 years will most 
likely lead not to a recession, but to the release of rele-
vant economic indicators to a plateau, while maintain-
ing a significant amount of remote interaction between 
companies and customers in the long term.

The third group combines financial and economic 
tasks, where the speed of decision-making is one of the 
key factors for successful algorithmic trading on the 
exchange and over-the-counter markets. It is worth 
noting that this group of tasks is currently, on the one 
hand, one of the largest in terms of the number of mar-
ket participants, since the vast majority of traders are 
focused on using various mathematical models when 
organizing their activities. On the other hand, the 
competition of available algorithmization methods and 
the high “cost of error” of trading, which is often car-
ried out at the expense of customers or using margin 
trading schemes, make it difficult to test hypotheses, 
which inevitably occurs as part of the application of 
new machine learning methods.
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It is worth emphasizing that the above groups do 
not exhaust the tasks where the simplex method can be 
effectively applied in matrix form on the GPU. These 
include traditional economic issues in the field of opti-
mization, taking into account limited resources, as well 
as other, for example, creative tasks (Basadur Simplex).

Conclusion

The research we conducted has shown that transfer-
ring the implementation of the simplex method in matrix 
form to the GPU using the PyTorch library makes solv-
ing the problem much easier than using specialized pro-
gramming tools such as CUDA, OpenACC, cuBLAS, 
etc. The question arises as to how good the results of this 
simpler method are. For the test calculations performed, 
when transferring the calculation to the GPU using the 
PyTorch library, the calculation time is reduced by 3–5 
times, depending on the size of the task.

On the other hand, it is important to be able to speed 
up calculations using the simplex method for rela-
tively small tasks and for ordinary workstations used 
in real economic calculations, rather than for super-
large problem statements that can only be solved on 
a supercomputer, which corresponds to real practice, 
since even calculations carried out within the frame-
work of economics do not provide examples of very 
large tasks for the simplex method. This paper presents 
three main groups of applied economic problems that 
can be effectively solved using the tools described in 
the article.

It should also be noted that CUDA technology 
allows us in almost all cases to achieve the highest 
efficiency of implementation on the GPU compared 
to PyTorch. However, CUDA is so complex that its 
use to solve some real problem is usually a separate 
big question. This work uses a less effective but much 
simpler tool. 
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