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Abstract

In modern logistics and supply chain management, the task of inventory management is
paramount. The total costs of the enterprise and consequently, its profit, directly depend on the
accuracy of calculating the volumes and terms of orders. In this work, the problem of increasing the
accuracy of calculating the economic order quantity for a product was solved by involving additional
information about the known quantile of a given level of the distribution function of the volume
of product’s demand. The quantile information was used to recalculate the annual demand for
the product, based on a modified estimator of the sales expectation for the period. The modified
estimator is asymptotically unbiased, normal, and more accurate than the traditional sample mean
in the sense of mean squared error. New formulas for calculating the economic order quantity and its
confidence interval were presented and tested on real data on the monthly sales volumes of goods of
a large retail store network over two years. It is shown that the classic way of mean calculation led to
an underestimation of the volume of the economic order quantity, which in turn increased the risk
of a shortage, and hence a drop in the quality of logistics services. The new calculation method also
showed that the period between orders should be one day shorter. The work is practically significant;
according to its results, recommendations are given to the enterprise.
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Introduction

sumers, the quality of the service pro-

vided to them and an increase in the level
of their satisfaction [1], modern enterprises are
increasingly focused on improving the accu-
racy of forecasting future demand for a prod-
uct, while reducing the risks of shortages and
surpluses, trying to introduce pulling produc-
tion systems throughout the supply chain and
building all production processes based on the
final need for the product [2]. Knowing quite
accurately the volume of future needs, an
enterprise can ensure the supply of raw materi-
als, details and goods with minimal costs and
minimal risks of disruption of the production
process due to a shortage of goods or overstock-
ing of warehouses, moreover, almost exactly on
time [3, 4]. Note that in this case trade is also
considered as production. Therefore, in mod-
ern logistics, in order to search for the best esti-
mate of potential demand, all kinds of math-
ematical models of various levels of complexity
[5—8] are used, including those that involve
additional information to reduce the forecast-
ing error and improve the quality of assessment
[9—11] and product classification [6, 12].

In the struggle for the attention of con-

This paper proposes a new, more accurate
method for calculating the economic order
size and its confidence intervals using addi-
tional information about the quantile of the
sales volume cumulative distribution function
(CDF). The source of additional information
can be logisticians, marketers, analysts of the
company, who have a fairly broad knowledge of
the specifics of the enterprise and the specifics
of organizing the supply and storage of goods.

Restrictive parameters are also taken into
account, for example, the maximum volume of
the warehouse and the observed frequency of
cases of its overflow. Usually such knowledge is
ignored, although it can be used to advantage,
since it has long been known that additional
information helps to improve the quality of sta-
tistical procedures [6—13]. It is also worth not-
ing that the use of information about the quan-
tile has already been considered in a number of
works [13—18], using the method of projecting
the estimate of the distribution function into
an a priori class.

In our case, such a modified estimate of the
mean is used, for which it is not required to
first construct the modified empirical cumu-
lative distribution function (EDF) and calcu-
late the estimate of the mean value of the indi-
cator by substituting the EDF into the integral
of the mathematical expectation, which
somewhat simplifies the calculations.

As a result, it should be emphasized that in
this study, additional information made it pos-
sible to significantly reduce the mean squared
error in assessing the annual demand for mate-
rials, and, therefore, to increase the accuracy
when calculating the economic order quantity.

1. Economic order quantity
with additional information
about the known quantile
of the cumulative distribution function
of the product’s sales volume

The calculation of an economic order quan-
tity (EOQ) is a classic logistics problem [3].
Within the framework of this task, such a size
of the order X is determined, which leads



to the minimization of the total costs of its
placement and storage, and ultimately affects
not only the company’s profit, but also its
market value [19]. The size EOQ directly
affects many logistics processes of the com-
pany and the logistics chain as a whole [20],
up to the choice of packaging [21] and the
mode of transport for delivery [22]. Inaccu-
racies in EOQ calculations can lead to the so-
called bull-whip effect [23, 24], which often
leads to colossal losses, as was first identified
by Procter & Gamble when selling diapers
[25, 26].

The classic formula for EOQ, taking into
account the losses associated with the freez-
ing of working capital, is obtained by minimiz-
ing the function of the annual total cost of pur-
chasing and placing an order by X:

TC(X)Z%'IC-F%'P'(I-FZ), (D)

where M is the annual demand for a product
(stock);

k — is fixed costs for placing one order;

P — is the average annual cost of a unit of the
considered product (stock);

z — is the share of the price not received due
to the freezing of working capital in the stock
of goods during a year (as a minimum value, we
can consider the current refinancing rate or the
size of the minimum rate on deposit accounts
of commercial banks);

[ — is the rate of storage costs during a year, a
share of the price P.

In fact, the first term in the cost function (1),

M . . .
equal to — -k is the cost of placing orders in
the amount of X during a year, while the num-
M

ber of orders per year » =—. The second term
X . X :
?-P-(Z +z), is the average cost of storing the
stock during a year. It is easy to prove that the

minimum value of the function of annual total
costs is achieved if
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Note that formula (3) can be applicable
only for a sufficiently stable demand for a
product [27], i.e., actually for goods from
group X according to the classification by
the method of XYZ analysis [3, 4, 6]. In
other words, the formula is applicable for
such goods for which the coefficient of varia-
tion (CV) of a number of demand (sales) val-
ues does not exceed 10%. In this case, CV is
expressed by the formula

2
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In the formula (4)
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represents the average level of demand (sales),

1 & —\2
2 [ — —
S2 = m Zl(x X) (6)
is the sample variance [28], X, X, ..., X, are
sales (demand) volumes for a product during
the year, N — the number of considered periods
during the year.

Suppose that the business experts of the com-
pany know that for a certain period the overall
level of demand for the product did not exceed
a certain threshold level x, in ¢ - 100% cases.
In fact, assuming that the volume of demand
(sales) X is a random variable (RV) with CDF
F(x) = P(X<Xx), then such information can be
presented in the form

Fx)=gq, (7)

where X, is the known quantile of the CDF of a
known level q.



We use additional information about the
CDF quantile to improve the quality of EOQ
estimation (3). To do this, assume that {X
X,, ..., X\ } is a sample of size N with indepen-
dent, equally distributed RVs with CDF F(x).
Then you can find a more accurate estimate
of the annual demand for a product (stock)
using a modified estimate of the average level
of demand, taking into account additional
information of the form (7), according to the
formula:

M =m- X, (8)

where m is the number of periods in a year
(for example, m = 12, if the average monthly
demand is calculated),

ﬁ:ﬁ:Xﬂ
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is a modified estimate of the average demand
for the period [12]. This estimate is asymp-
totically unbiased and normal. Its variance is
determined by the formula [12]:

Var{)?"}zaz -
. X(ka—q)+OQLj (10)
q(1-q) N)

where

O'Z:N-Var{f}zVar{X}. (11)

Moreover, it is easy to verify using formula
(10) that

o, =limN- Var{X"} o’ -

X—>00

_[ E jxdp(x)/ j xdF(x)]- (12)

Hence, it is obvious that O'q2 <o, and thus
due to asymptotic unbiasedness for sufficiently
large volumes of observations, the use of addi-
tional information about the known quantile
leads to a decrease in the mean squared error
(MSE) normalized to N:

N-MSE{X‘} =N -E(X"-a) <o’ = (13)
=N -E(X-a),
and hence, to improve the accuracy of esti-
mating the average volume of demand. Here
a=EX

Note that the estimate of the mean with
allowance for the quantile [13] obtained using
the projection method [9] has a similar asymp-
totic variance (12). The advantage of estimate
(9) is that it does not require any preliminary
actions, namely, constructing an estimate of
the EDF and its projection into the a priori
class with the subsequent substitution of the
modified estimate of the EDF into the integral
for the mathematical expectation.

Figure 1 shows a graph of dependence aqz
from g for F(x) = U(O,l) (x) is uniform in (0,1)
CDE, for which ¢° = ¥,. Figure 2shows a sim-
ilar graph for F(x) = N .1y (X) — standard nor-
mal CDF with zero mean and variance o” = 1.
Figure 3 shows the corresponding graph for
the exponential distribution F(x) =1-¢*, x>
0, with parameter A =1, c>= /. = 1. It can be
seen from the graphs that taking into account
additional information about the quantile
made it possible to significantly improve the
quality of estimation for all three cases, for
sufficiently large volumes of observations N.

Knowing the asymptotic normality allows
one to obtain confidence intervals with a con-
fidence level y for the modified mean (here L is
the lower bound, H is the upper bound):

LY=X"- ’\W" ; (14)
HQ_X4+ /4 q , (15)
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Fig. 3. The graph of o, depending on g with o =1,
Fx)=1-¢*, x>0

where o, = /o, o’ is calculated by the for-
mula (12).

Thus, a more accurate modified formula for
calculating the economic order quantity can be
found using the formula:

. [amek
Xo = P(l+z) (16)

where MY =m-X?, X is the average level of
demand for a period, m is the number of peri-
ods in a year. Confidence interval with con-
fidence level ¥ for modified economic order
quantity are as follows:

2mk (-, %,°0,
L. = Xt
oo \/P(l+z)( JN ] (7
2mk | =, Z,°0,
- 74214 18
H,,, \/P(l+z)(X T J (18)

where z, is the quantile of standard normal dis-
1+y

tribution with level

Confidence level y can be used as a measure
for regulating the level of risk, it is established
by the company’s logisticians from the follow-
ing considerations:

1. Since for highly profitable goods of group
A (here AX), the deficit is critical and leads
to direct losses [29], then it is recommended
to take the upper bound H rogr S the basis for
calculating the parameters of the inventory
management system, the risk of a deficit is

For example, if you need to provide a level
of logistics service at which R, is allowed at
a level no more than 2% then y = 0.96; for
R,=5% y = 0.9. However, it should be noted
that the lower the risk R, the more y, the wider
the confidence interval, the greater the value

H og therefore, it is necessary to increase



investments in stocks (this is a “payment” for a
high level of service). Depending on the firm’s
strategy H roge 18 also used for calculating the
parameters of the replenishment system for
goods of group B (BX), but with a higher level
R

-
2. Lower bound L, o is advisable to be used
for low-profit products of group C (CX), for
which it is extremely important to reduce the
risk of surplus R; = 1_77

That is, if the company chooses a strategy of
maximum customer satisfaction, then a higher
level is chosen R, for example, R, = 10%,
then you need to calculate the confidence
limit L, o with y = 0.8. If the enterprise is
aimed at reducing costs, then it is neces-
sary to reduce R, for example, at R, = 1%
y =0.98, while an increase in y is equivalent to
a decrease in LE 00" and, therefore, a reduction
in stocks. Depending on the firm’s strategy
L, o is also used for calculating the parame-
ters of the replenishment system for goods of

group B (BX), but with a lower level R..

Note that the equality of the levels of deficit
risks R, and surplus R, is due to the symmetry
of the standard normal distribution: the prob-
ability of “hitting” to the right of the upper
boundary of the confidence interval is equal
to “hitting” to the left of the lower bound-
ary. Recall that the consideration here only of
the groups AX, BX and CX, obtained accord-
ing to the classification by the method of joint
ABC—-XYZ analysis [4, 6], is due to the fact
that the calculation of the economic order
quantity EOQ is permissible only for goods
with stable demand from group X.

We also note that modern databases allow
you to track the demand for a product (stock)
with its detailing not only with accuracy of
weeks or days, but also to hours. Thus, the
number of periods can be considered large
enough to use a more accurate formula (16).

2. Calculation of the economic order
quantity based on real data

The modified calculation method proposed
in the work was tested on real data on sales
of a large retail chain. The monthly sales vol-
umes for 2017—2018 were considered (a more
detailed consideration here is inappropriate
due to the loss of visualization of the appli-
cation of the technique). Table I and Figure 4
show monthly sales values for two years and a
graph of their dynamics. In order to preserve
trade secrets, the name of the enterprise and
the product is not specified, but it should be
noted that the product is not perishable; its
shelf life exceeds three years.

Table 1.
Sales of a product for 2017—2018,
units / month

Year ‘ 2017 ‘ 2018
January 9081 7953
February 7578 6 267
March 7578 7700
April 8 044 7747
May 8490 7780
June 7587 7110
July 7031 7392
August 7560 7328
September 8258 7776

October 7609 8 586
November 7501 8 302
December 7898 8999
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Fig. 4. Graph of the dynamics of sales
for two years, units / month

Based on the given data, the aver-
age sales level (5) per month is
X =7 835.75 units, and the sample variance (6)
5?2 =402 546.98 units in square, so the coeffi-
cient of variation (4) CV'=8.10%, which allows
us to conclude that the demand for this prod-
uct is stable (the product belongs to group X).
It is interesting to note that the data under con-
sideration turned out to be normally distrib-
uted, which was confirmed by the Shapiro—

Wilk test [30] with the calculated probability
p-value = 0.691. Figure 5shows the EDF F,(x)
graph (for convenience, the function is dis-

played as dots) and the corresponding normal
CDF N

(7 835,75; 402 546,98) (X)

The average annual demand for a prod-
uct is M = 94 029 units. The company indi-
cated the average price of the product for the
period P= 110 rubles/unit, estimating storage
costs at 50% of the price, i.e. / = 0.5 and let
z = 0.06. The cost of placing one order is
k= 5000 rubles. As a result

= 3906.97 units .

0

X - 2-94 029-5000
110-0.56

As this product is indivisible, we will find the
optimal whole X as one of the nearest integer
arguments delivering the minimum of the total
cost function:

TC(3906) =240 669.623 > TC(3907) =
=240 669.616 rubles/year.

Eventually, X! = 3907 units, therefore,

the number of orders per year will be at least
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Fig. 5. Graphs of EDF F,(x) (dots) and CDF V.
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{94 029 }: 24 times with the frequency

between orders { > }z [15, 16] =15 days for

24.07
category AX products and [15, 16]=16 days
for CX. Forcategory BX, the choice ofthe num-
berofdaysbetween deliveries (15 or 16) depends
primarily on the strategic goals of the company.

When carrying out the calculations, the com-
pany provided additional information that for
quite a long time (more than two years) in 95%
of cases the monthly sales of this product did
not exceed 9000 units per month, i.e. F (xq) =
= F(9000) = ¢=0.95. This allows a more accu-
rate method of calculating the economic order
size (16).

For the correct use of the modified statis-
tics, the statistical hypothesis of the mutual
independence of the data was tested by the
series criterion [31], which confirmed the
independence with the calculated probability
p-value = 0.53161. As a result, it was found that
X? = 8 162.93 units per month, M ‘=
=12-8162.93 =97 955.16 units per year. Then
X?=3987.71 units per month, the minimum
cost function is achieved at X! =3 988 units per
month, the frequency of orders was r? = 24.56,
or at least 24 times a year. At the same time, the
period between orders changed by 14.86 days.
This means that if, according to the joint ABC—
XYZ analysis, the product in question belongs
to the AX group, then it must be ordered once
every 14 days, for BX and CX — once every 15
days. Figure 6 shows graphs of the dependen-
cies of the total cost of restocking 7C(X) and
TCYX).

Note that the use of the modified method
showed that the volume of the order was
underestimated by 2.07% that could lead to
a shortage of goods and to a loss of profit.
As a result, the estimated total costs of the
enterprise increased by 5 492.25 rubles /
year, however, an improvement in the accu-
racy of estimating the annual demand for

a product could potentially reduce logis-
tics risks and compensate for losses due to
higher profits, the increase of which is due
to the higher quality of logistics services. We
use the knowledge of the distribution of sales
volumes of the initial data in order to obtain
confidence intervals with the level of con-
fidence y for assessing the monthly average
demand for a product (here the variance o’ is
assumed to be known):

L:)?—\y/ﬁ; (19)
— 20
H:X+\//N; (20)
I+y

where z, is the ; — level quantile of stan-

dard normal distribution; o = 634.47 units per
month.

To construct confidence intervals for
the modified mean, using formula (12) at
Fx)= N(7 §35.75:4025 46'98)(x), it was determined that

o, =+/0, =503.16 units per month. The results
are shown in Table 2.

TC(X), thousand rubles /year
280 |y

270 1
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Fig. 6. Dependency plots 7C (X) (solid line)
and 7C?(X) (dotted line)



MODELING OF SOCIAL AND ECONOMIC SYSTEMS

Table 2.

Confidence intervals for the average level of demand
and economic order quantity with and without quantile information

for different levels of confidence

098 | 2326 | 7534 8138 7923 8402 3831 3982 3928 4046
095 | 1960 | 7581 8090 7961 8365 3842 3970 3938 4037
0.9 1.645 | 7622 8049 7993 8332 3853 3960 3945 4029
08 1282 | 7669 8002 8031 8295 3865 3949 3955 4020

For AX category products, it is recom-
mended to use it as an economic order quan-
tity H oo If the company seeks to meet the
demand as much as possible, then large values
of y should be chosen, for example, 0.98. In
this case, the volume of delivery will be 4 046
units, and the risk of a shortage R, is no more
than 1%. If the enterprise is aimed at reduc-
ing costs, then it needs to set higher values of
R, for example, 5%. Then it has to choose
y=1-2.0,05=0.9, as a result, the economic
order quantity must be 4 029 units. If our prod-
uct belongs to the CX group, then it is advis-
able to minimize the permissible risk of sur-

plus R, setting it at the level 1_—7/. Then, for
2

example, at a 10% risk level y =1 —2-0.1 =
= (.8 and the volume will be added to the order
Loy = 3 955 units. At the same time, it is
expected that in two cases out of ten the
demand for this product will be only partially
satisfied, since it will be completely sold out

and there will not be enough for all buyers.

It should also be noted that the confidence
intervals with additional information are sig-
nificantly narrower (by almost 22%) than the
intervals without the quantile. This is due to
the fact that the modified mean has an asymp-

32

totic variance o, <o, so at the same level of
deficit risks R, and surplus R, there can be
found more accurate confidence limits — val-
ues of the economic order quantity for goods
from different groups AX, BX or CX.

Conclusion

In this paper, we propose a new method
for calculating the economic order quan-
tity, taking into account additional infor-
mation about the known quantile of a given
level of the cumulative distribution function
of sales (demand) volumes, as well as confi-
dence intervals for it. We show that for a suf-
ficiently large number of observations, the
new method gives a more accurate value of
the economic order quantity and narrower
confidence intervals since it is based on an
asymptotically unbiased estimate of the
average level of demand for a product with
a smaller mean squared error. The new cal-
culation method was tested on real data on
monthly sales of a large retail chain for two
years. The company was given recommen-
dations on the choice of parameters for the
inventory management system of the product
in question. m
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